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ABSTRACT

The Minimum Common String Partition Problem (MCSP) consists of finding a minimum
common partition between two related strings. This problem has applications in Computational
Biology, wherein a string can represent a genome. The MCSP and its variants, which consider
relevant information from genomes, are NP-hard and have already been addressed using heuristics
and integer linear programming (ILP). There are ILP models that have been successfully applied to
the MCSP and adaptations of these models to solve its variants have shown great results. Motivated
by these results, in this paper, a Graph-Based ILP model to the MCSP was adapted to solve the
Unbalanced Minimum Common String Partition Problem (UMCSP). The experimental results show
that the adapted model can be similar or outperform existing ILP models to the UMCSP.

KEYWORDS. Minimum Common String Partition Problem. Integer Linear Programming.
Combinatorial Optimization.

1. Introduction

String comparison problems are known for their application in Computational Biology,
since genomes can be represented by strings [Goldstein et al., 2005]. In that study field, Genome
Rearrangement Distance Problems can be described as, given two genomes, to find the least amount
of operations that can transform the first genome into the second. This type of problem allows to
estimate the evolutionary distance between two individuals [Swenson et al., 2008]. Adding more
characteristics to these genomes results in more biologically relevant information and leads to more
accurate estimates of evolutionary distances between genomes [Romeiro et al., 2024]. Therefore,
different rearrangement problems can be defined based on the characteristics of the input genomes
and the operations under consideration.

The Minimum Common String Partition Problem (MCSP) and its variants are NP-hard
[Goldstein et al., 2005] and frequently discussed rearrangement problems throughout literature.
They have been approached several times using heuristics because of their low computational cost,
although such algorithms do not guarantee an optimal solution. However, it is possible to address
these problems using integer linear programming (ILP), which guarantees an optimal solution, de-
spite its high computational cost.

There are ILP models that have been successfully applied to the MCSP [Blum et al., 2015;
Blum and Raidl, 2015; Ferdous and Rahman, 2015]. Regarding MCSP variants, Blum [2024] was



the first one to adapt an ILP formulation for the MCSP in order to solve a variant of the problem.
Romeiro et al. [2024] adapted the two well-established ILP formulations in the literature, proposed
by Blum et al. [2015] and Blum and Raidl [2015], to solve four MCSP variants. In both papers, the
adaptations were simple and provided good results. Given the relevance of the problem, strategies
that guarantee an optimal solution are important in the field of Computational Biology. Nonetheless,
approaches to the MCSP and its variants using ILP can still be further explored. There is room for
research on other ILP models for the MCSP, adaptations of ILP models that solve the MCSP to
address its variants, and ILP models designed specifically for MCSP variants.

There is a third ILP formulation for the MCSP that has not yet been adapted to solve any
variant of the problem. In that regard, considering the results provided by previous adaptations,
this paper adapts the ILP formulation proposed by Ferdous and Rahman [2015] in order to add
new constraints to the model that allow it to approach the characteristics of a variant of the MCSP.
Furthermore, given an experimental analysis, it investigates whether adapting a different ILP for-
mulation for the MCSP to solve a variant of this problem could yield good results, particularly with
regard to finding a guaranteed optimal solution to the problem.

1.1. Main Contributions

The present paper presents a new ILP model for the Unbalanced Minimum Common
String Partition Problem (UMCSP), a variant of the MCSP. This ILP model uses Common Graphs,
a characteristic that differs from other models described across literature. The proposed model was
able to outperform an existing ILP model based on Common Blocks and, considering model opti-
mization execution time and quality of the obtained solution, the model has a similar performance
to an existing ILP model based on Common Substrings. Furthermore, the ideas used in this paper
— namely, adapting an ILP model for the MCSP to a variant of this problem — can be explored to
formulate ILP models for other variants of the MCSP.

The remainder of this paper is organized as follows. Section 2 holds a literature review
for related work and Section 3 explains the theoretical background for this study. A Graph-Based
ILP model for the UMCSP is presented in Section 4. Section 5 presents the experimental results
and their analysis. Finally, Section 6 draws conclusions and directions for future research.

2. Related Work

The Unbalanced Minimum Common String Partition Problem (UMCSP) is NP-hard [Gold-
stein et al., 2005] and a combinatorial optimization problem, due to its nature of finding an optimal
solution from a finite set of possibilities. These characteristics allow its solutions to be addressed
using heuristics or integer linear programming (ILP). This section describes studies that explores
these methods to solve UMCSP or a variant of the problem.

Ferdous and Rahman [2017] introduced a common substring graph (CSG) mapping de-
sign to the Minimum Common String Partition Problem (MCSP) to solve it using an Ant Colony
Optimization technique called MAX-MIN Ant System (MMAS). They compared the results ob-
tained by MMAS with those obtained by a greedy heuristic. The MMAS found better solutions in
93% of the tests run using random DNA sequence and was able to improve 10 out of 15 cases run
with real gene sequence in 5% significance level. They also conducted experiments with and with-
out applying dynamic heuristic to MMAS and found a positive difference in 90% of cases, which
depicts the improvement using dynamic heuristic. Similarly, Rodrigues et al. [2023] also mapped
MCSP to a CSG in order to reduce it to a permutation problem and apply optimization algorithms, in
particular the Particle Swarm Optimization algorithm (PSO). They approached MCSP using PSO, a
greedy heuristic and a combination heuristic. The results indicate that, depending on the parameters
and instances, PSO may take longer to complete its execution, however, it is substantially faster than



the other algorithms for larger instances. It was also shown that the CSG representation was able
to improve the results of the heuristics. Therefore, much of the quality presented on the solutions
obtained by the algorithms can be attributed to the CSG representation.

Blum [2024] addressed the UMCSP using the combinatorial optimization algorithm Con-
struct, Merge, Solve and Adapt (CMSA). On each iteration of CMSA, (1) solutions to the problem
instances are generated probabilistically, (2) the solution components found are added to an incum-
bent subinstance, (3) exact solvers are used to solve the incumbent subinstance, and (4) mechanisms
are used to remove useless solution components. Given the third iteration step, an ILP model that
solves MCSP [Blum et al., 2015] was adapted to approach UMCSP. The authors compared the
results obtained by CMSA, a greedy heuristic and the usage of CPLEX [Cplex, 2009]. CMSA
has a better performance than CPLEX for larger instances and than the greedy heuristic for every
instance; it also provided viable solutions to every instance.

Dissimilar to the papers above, the solution proposed in this work does not use heuristics.
However, similar to Ferdous and Rahman [2017] and Rodrigues et al. [2023], this study uses a graph
to attempt to solve UMCSP, and, like Blum [2024], it adapts an existing ILP model for MCSP with
the goal of solving a variant of the problem.

Considering ILP approaches to MCSP, Blum and Raidl [2015] presented an ILP model
based on Common Substrings (CS) to solve the problem and proved that the model’s linear relax-
ations are equally strong as the ones showed on the ILP model based on Common Blocks (CB).
The authors compared the two models, and the results favor CS over CB, since the gaps obtained
by CS are smaller and it finds the first viable solution, on average, using 0,7% of the time required
to execute CB. Furthermore, Ferdous and Rahman [2015] developed an ILP formulation to MCSP
based on a CSG mapping of the problem described in their previous work [Ferdous and Rahman,
2017]. The formulation is precise, effective, and provides excellent results. The results showed that
their ILP formulation outperforms a greedy heuristic at every stage of the process and finds better
viable solutions faster.

Romeiro et al. [2024] analyzed the adaptation of two ILP models — CS and CB - to
solve four variants of MCSP. The adaptations made to the models added new restrictions to support
unique characteristics of each variant, and different percentages of conservative operations were
used to create the tests. The results showed that for both models, tests with 80% and 100% con-
servative operations run faster than those with 60%, suggesting that exclusive blocks, a concept
introduced in the adaptation of the models to solve UMCSP, are computationally more expensive
than common blocks. It was also possible to conclude that the CS model is better than the CB in all
scenarios, running faster and achieving smaller gaps. Furthermore, the adapted models solved the
tested instances with high quality considering the chosen execution time, and, in some cases, were
able to find the optimal solution.

The present paper proposes an ILP formulation, as is done in the work above. This study
uses the formulation proposed by Ferdous and Rahman [2015], and, similarly to Romeiro et al.
[2024], which adapted the CS and CB-based models, adapts the CSG-based formulation so that it
can solve a variant of MCSP. Moreover, the results of this work are based on how well the adapted
formulation applied to the variant performs relative to the original formulation applied to MCSP;
however, the CSG-based ILP formulation is applied to the UMCSP variant of MCSP, which adds
complex characteristics to the problem, such as instances that are not guaranteed to be related.

3. Theoretical Background

This section describes notations and definitions required to understand the integer linear
programming formulation used in this paper to solve the Unbalanced Minimum Common String
Partition Problem.



3.1. Minimum and Unbalanced Minimum Common String Partition Problems

A partition of a string S; is a sequence P = (p1,p2,...,pm) Whose concatenation is
equal to S1. The substrings p; are called blocks of P. Given a partition P of a string S7 and a
partition @ of a string Sy, m = (P, Q) is a common partition of S1 and So, if Q) is a permutation of
P. The size of a common partition 7 = (P, @) is [(P, Q)| [Rodrigues et al., 2023]. The number of
times a character r appears in a string S7 denotes the occurrence of r in S; [Romeiro et al., 2024].
Two strings are called related if each character has the same occurrence in both strings. Therefore,
the Minimum Common String Partition Problem (MCSP) can be described as follows: given two
related strings S7 and .S, find the common partition of .57 and S5 with the least amount of blocks
[Goldstein et al., 2005].

The Unbalanced Minimum Common String Partition Problem (UMCSP) is a generaliza-
tion of MCSP in which there is no guarantee that the input strings are related. Hence, the input
strings can have different lenghts. Given a partition P of a string S, a partition () of a string Ss,
P’ C P,and Q' C Q, with Q' being a permutation of P’. Let X represent the set of characters
in Sy that do not exist in P’ and Y represent the set of characters in Sy that do not exist in @',
with X NY = (. X and Y denote the set of abundant characters in S7 and S, respectively.
7= (P,Q, P, Q") is a common partition of S and Ss [Romeiro et al., 2024]. Therefore, the UM-
CSP can be described as follows: given two strings 51 and Ss, find the common partition of 57 and
Ss in which |P' + X + Y| is minimum.

3.2. Graphs

A graph is a mathematical structure used to model objects [Diestel, 2010]. A graph G is
a pair (V, E) consisting of a set of vertices V and a set of edges F. The set E is a subsetof V' x V
(unordered pairs of V'), since each edge is represented by a set {v;, v;} of vertices of G. If {v;,v;}
is an edge, v; and v; are neighbors [Feofiloff et al., 2011]. According to Bollobas [1998], given a
graph G = (V, E), the neighborhood of a vertex v € V is the set of all the neighboring vertices of
v. Moreover, a path of length n in G is a sequence of n + 1 distinct vertices such that for every pair
of consecutive vertices vy, k11, {Vk, Vk+1} € E.

If the edges of a graph G' = (V, E) are ordered pairs of vertices, that is, (v;, vj) # (v, vs),
G is directed graph. An ordered pair (v;, v;) is a directed edge from v; to v; [Bollobas, 1998]. The
concepts defined for simple graphs can easily be translated into directed graphs. Thus, given a
directed graph G = (V, E), the outgoing neighborhood of a vertex v € V, denoted by N, (: )’ is
the set of all vertices with directed edges leaving v, that is, all the outgoing neighbors of v. The
incoming neighborhood of a vertex v € V/, denoted by N, is the set of all vertices with directed
edges entering v, that is, all the incoming neighbors of v. Furthermore, a path of length n in G is a
sequence of distinct vertices such that for every pair of consecutive vertices vk, Vg11, (Vk, Vgt1) €
E.

3.3. Integer Linear Programming Model for the MCSP

Integer Linear Programming (ILP) is a type of optimization model with the objective
to maximize or minimize a linear function where all the variables must only take integer values.
ILP can be described as a mathematical model with the following components: decision variables,
objective function and constraints. Decision variables represent the decisions to be made. The
objective function express the function to be maximized or minimized. Constraints limit the values
that can be taken by the decision variables. A feasible solution to an ILP model is an assignment of
values to the variables such that all constraints are satisfied.

Ferdous and Rahman [2015] proposed an ILP formulation for the MCSP based on their
graph mapping design of the problem [Ferdous and Rahman, 2017]. Their formulation uses the
following concepts. A block B = ([id,1,j]),0 < i < j < |S] of a string S is a data structure



with three attributes: id is an identifier of .S, ¢ is the starting position of B in S and j is the ending
position of B in S. The substring delineated by B = ([id, 1, j]) is called substring([id, 1, j]). A
block B matches a block B’, regardless of the value attributed to id, if both blocks represent the
same substring. Given a block B and a block list Ly, macthList(B, Ly) defines the list of blocks
of L; that matches B. Given two input strings X and Y, a common substring graph (CSG) of X is
defined by the directed graph GX, = (V, E). Each vertex represents a position of X, that is, for each
veV,ued{0,1,...,]X]|—1}. Two vertices v; < v; are connected by an edge (v;,v;) € E if the
substring induced by the block [id(X), v;, v;] matches some substring of Y. Therefore, every edge
in I corresponds to a block that satisfies the above condition. If X = ebacded and Y = bdcdebedd,
Figure 1 represents the CSG of X.

Figure 1: CSG of X

The formulation suggested by Ferdous and Rahman [2015] was used as the basis to the
formulation proposed on this paper.

4. Integer Linear Programming Model

Ferdous and Rahman [2015] proposed an ILP formulation for the Minimum Common
String Partition Problem (MCSP) based on a graph mapping design presented by Ferdous and Rah-
man [2017]. Their ILP formulation requires the understanding of some notations and definitions that
are also used on the adaptation showed in this paper to solve the Unbalanced Minimum Common
String Partition Problem (UMCSP).

Considering the notations given on Section 3, in the approach of UMCSP, there is no
guarantee the input strings are related, that means, have the same character occurrence on both
strings. Therefore, it is possible that exclusive parts appear on an input string, which introduces the
concept of exclusive blocks to the formulation [Romeiro et al., 2024].

Let A determinate the set of abundant characters of an input string X and G.; = (V, E)
determinate the exclusive blocks graph of X. V is the vertex set where each v € V represents a
character on X and E is the edge set. The edge (v;, v;) exists only if for every vertex vy, i < k <
J, v € A. It occurs because every exclusive block stands for an exclusive part of an string .S, which,
by definition, are made only of abundant characters in .S [Romeiro et al., 2024].

Since, considering the UMCSP, the input strings are over the same alphabet, there may be
mapped common blocks that are also made of abundant characters. For example, if X = ebacded
and Y = bdcdebedd, G, = (V, E) determines X’s CSG and G, = (V, E) determines Y’s. X’s
abundant characters are A, = {a} and Y’s abundant characters are A, = {b,d,d}. The block
b = [X,2,2] stands for the substring a, that has no matching block on Y. So, if By is the list
of all mapped blocks on Y, matchList([X,2,2],By) = {} and there is no edge (v2,v2) on
G.. The block b = [X,4,4], however, stands for the substring d, which has matching blocks
on Y. So, matchList([X,4,4], By) = {[Y,1,1],]Y,3,3],[Y,7,7],[Y,8,8]} and every block on
matchList([X,4,4], By) is an edge on their string’s CSG. d is an abundant character on Y and



may be an exclusive block in an optimal solution, even if there is a corresponding common block in
X.

The sets V' and E of an exclusive block graph (EBG) of an input string X are denoted by
Ver and E¢p. If X = ebacded and Y = bdcdebedd, the EBG of X has just one edge (ve, v2). That
is because a is the only abundant character in X. Also, the binary variables x;,1,%.1 € E.; and
Yt.2, te2 € Eea, indicate whether an exclusive block has been chosen.

Given that there are four input graphs, it is necessary to ensure that each character be-
longs to only one common or exclusive block. This implies adapting the constraints in the original
formulation [Ferdous and Rahman, 2015] that guarantee that a string .S must be factored into non-
overlapping blocks. In addition, for every edge sum constraints on the original formulation, the
edges of each EBG need to be considered.

With the above settings, the ILP formulation for the UMCSP was developed as follows:

min Y my Y T+ Y Yo (1)

t1€E, tel€eE:1 te2€FE:2
t Y =Y @
t1€kn to€Fo
Z T + Ttoq =1 VUkE{O,...,nl—l}
t1€E1 | t1=(v4,v5), i<k<j te1€Fe1 | te1=(vi,v5), i<k<j
(3)
Z Y, + Yty =1 Vo € {0,...,ng — 1}
t2€Es | ta=(vs,v5), i<k<j te2€Eea | tea=(vi,v5), i<k<j
4)
ORI D DTS 5)
t1€51(0)+ t@1€561(0)+
Z T + Z Ty, = Z T + Z x,, Yve{0,...,n1—1}
t1€61(v)~ te1€0e1 (V)™ t1€01(v+1)* te1€0c1(v+1)T
(6)
o e+ Y =1 (7)
t2€d2(0)F te2€de2(0)t
Z Yo + Z Yt = Z Y2 + Z Ytoo Vo e {0,...,ny — 1}
ta€da(v)~ tea€de2(v)~ t2€82(v+1)* te2€dea(v+1)t
(3)
Z Tp = Z Y2 Vit € By
bi€matchList(E7,t1) ba€matchList(Ea,t1)
©)
Tty Ytor Tters Ytea € {07 1} (10)

The objective function (1) is to minimize the partition size calculated. The restriction (2)
ensures that the two partitions in two the CSGs must be of the same size (i.e., have the same number
of blocks). Constraints (3) imply that every character in X belongs to one and only one common
block or exclusive block and constraints (4) hold the same for Y. Constraints (5) and (6) together
for string X, and similarly constraints (7) and (8) for Y, ensure that a unit flow leaves the source



(vertex 0) and enters the sink (vertex n — 1); that is, the strings are partitioned into non-overlapping
blocks. Furthermore, after partitioning the input strings, there are four sets of blocks: two are sets
of exclusive blocks and two are sets of common blocks. It must be ensured that there is a one-to-one
matching between the sets of common blocks, since each block of a partition represents a substring
of the original string. Therefore, to ensure one-to-one matching, for each selected block in the set
of edges F, there must be one, and only one, corresponding block selected in the second set of
edges F. The same must hold for the blocks selected from E5 with respect to the blocks selected
from Ej. It is not possible to ensure one-to-one matching between exclusive blocks. Constraints
(9) ensure there is an one-to-one matching between the two sets of common blocks by securing that
for each selected block, the number of selected blocks in E; equals the number of selected blocks
in EQ.

S. Results

This section presents the results obtained by the comparison of the Graph-Based ILP
model based on Common Graphs (CG) and two competitive formulations in the literature, an ILP
model based on Common Blocks (CB) and another based on Common Strings (CS). The char-
acteristics of the tests instances were described, followed by a presentation of the computational
environment in which the experiments were conducted. Subsequently, the performance of the three
models is analyzed in terms of quality of the obtained solution and computational time.

5.1. Test Instances

The tests were run using three different instance sets. The first set is made of 40 pairs of
strings of the same size, created with the iteration of two parameters: length n € {10, 30,60, 100}
and alphabet size |X| € {5,10,15,20}. The second set is made of 40 pairs of strings of different
lengths, created with the iteration of three parameters: length of the first string n., length of the sec-
ond string n,, ny,n, € {10, 15,30, 40,60, 80,100,120} and alphabet size |X| € {5,10,15,20}.
In both sets, the alphabet size increases according to the length of the strings. The third set is
made of 40 instances used by Romeiro et al. [2024], wherein length n = 1000 and alphabet size
|2| = 1000. The instance sets were created using the instance generator proposed by Romeiro et al.
[2024]. This generator requires a parameter called fraction of conservative operations c. Conser-
vative operations alter the structure of chromosomes without changing the set of genes [Cleber V.,
2007]. For all three sets, ¢ € {0.6,0.8}; therefore, the strings are unbalanced because the occur-
rence of each character » € X is not the same in both strings of the pair. This holds even for pairs
of the first and the third sets, which are made of strings of equal lengths. Furthermore, the pairs of
strings of the second set are also unbalanced because the sizes of the two strings are different.

5.2. Computational Environment

The ILP model was implemented using Python [Python Core Team, 2019] 3.11.2, for
its ease of implementation and its wide range of libraries. Library Numpy [Harris et al., 2020]
version 2.4.4 was used to support development. The model was optimized with Gurobi [Gurobi
Optimization, LLC, 2025] solver, since it has a free academic license and good performance. The
ILP models CB and CS used for comparison were provided by Romeiro [2024] and implemented
using Python and Gurobi. The tests were executed for the three models on a machine equipped
with Intel(R) Xeon(R) E7-4850 processor at 2.00GHz, 125GB of RAM, running Ubuntu 18.04.6
(64-bit).

5.3. Results

Table 1 compares the results obtained by the ILP model based on Common Graphs (CG)
and the results obtained by the ILP model based on Common Blocks (CB) [Romeiro et al., 2024].
Table 2 compares the results obtained by CG and the results obtained by the ILP model based on



Common Substrings (CS) [Romeiro et al., 2024]. The average model optimization time, the average
total execution time and the average gap obtained by the models were compared, grouped by the
input string length n; for instances comprising pairs of strings with different lengths, n is the size
of the largest string.

Table 1: Execution times and gaps comparing CB and CG

Average Execution Time (seconds) Average Gap (%)

n Model Total
CB CG CB CG CB CG

10 0.0058 0.0084 0.0086 0.0156 0.0000 | 0.0000
30 0.0120 0.0103 0.0279 0.0669 0.0000 | 0.0000
60 0.0169 0.0106 0.0567 0.3009 0.0000 | 0.0000
100 0.0242 0.0303 0.1172 1.1807 0.0000 | 0.0000

15 0.0089 0.0132 0.0227 0.0343 0.0000 | 0.0000
40 0.0208 0.0198 0.0430 0.1023 0.0000 | 0.0000
80 0.0570 0.0594 0.1258 0.5203 0.0000 | 0.0000
120 0.0795 0.0792 0.2172 1.6103 0.0000 | 0.0000

1000 | 3504.1720 | 2728.5951 | 5023.1951 | 4804.4354 | 20.9896 | 0.3338

The results on Table 1 show that CG and CB have similar execution times, although CB
runs faster for smaller instances (strings where n < 1000) and CG has better average execution
time for larger instances (strings where n = 1000). This could be explained by the time each model
uses to build the necessary structures. Considering the smaller instances, the average time CG spent
building structures was 0.45 seconds and CB had an average time for building structures of 0.0492
seconds. However, both models had a similar average model optimization time: 0.0289 seconds
for CG and 0.0281 seconds for CB. The two models were able to solve all the smaller instances.
Given the set of larger instances, CG model was able to find the optimal solution for 30 instances
and CB was able to solve 3 instances. For the 10 instances CG was not able to optimally solve, the
biggest gap was 1.8957% and the average gap was 1.3351%. For the 37 instances CB was not able
to optimally solve, the biggest gap was 51.2255% and the average gap was 20.9896%. Within the
subset of instances both models were not able to optimally solve, CG gave a better solution value in
9 out of 10 cases and both models found the same solution value in 1 case. The biggest difference
between the solution values obtained was 484, with CG finding the better solution, and the average
difference was 234. Both models found the same lower bound for 8 out of 10 cases and CG provided
a better bound for 2 cases. The biggest difference between the provided lower bounds was 49 and
the average difference was 5. For that subset, the biggest gap found using CG was 1.8957% and the
average gap was 1.3351%. The biggest gap found using CB was 50.36% and the average gap was
29.9064%.

The results on Table 2 shows that CS runs significantly faster than CG. For the smaller
instances (strings where n < 1000), the average time CS used for building structures was 0.0489
seconds and the average model optimization time was 0.0166 seconds. Considering the larger in-



Table 2: Execution times and gaps comparing CS and CG

Average Execution Time (seconds) Average Gap (%)

n Model Total
CS CG CS CG CS CG

10 0.0054 0.0084 0.0095 0.0160 | 0.0000 | 0.0000
30 0.0090 0.0103 0.0297 0.0669 | 0.0000 | 0.0000
60 0.0093 0.0106 0.0531 0.3009 | 0.0000 | 0.0000
100 0.0102 0.0303 0.1014 1.1807 | 0.0000 | 0.0000

15 0.0090 0.0132 0.0235 0.0224 | 0.0000 | 0.0000
40 0.0145 0.0198 0.0402 0.1023 | 0.0000 | 0.0000
80 0.0405 0.0594 0.1083 0.5203 | 0.0000 | 0.0000
120 0.0352 0.0792 0.1587 1.6103 | 0.0000 | 0.0000

1000 | 2551.6719 | 2728.5951 | 3965.3118 | 4804.4354 | 0.3328 | 0.3338

stances (strings where n = 1000), the average time for structure creation was 1413.6398 seconds
for CS and 2075.8403 seconds for CG; however, both had a similar average model optimization
time: 2551.6719 seconds for CS and 2728.5951 seconds for CG. Both models found the optimal
solution for all the smaller instances and CS could optimally solve 28 out of 40 larger instances.
For the 12 instances CS was not able to optimally solve, the biggest gap was 2.7% and the average
gap was 1.1095%. Within the subset of instances both models were not able to find the optimal
solution, CS found a better solution value in 5 out of 10 cases, CG found a better solution value
in 2 cases and they found the same solution value in 3 cases. The biggest difference between the
solution values obtained was 3, with CS finding the better solution, and the average difference was
0.8. Both models found the same lower bound for 8 out of 10 cases, CS provided a better lower
bound for 1 instance and CG gave a better lower bound for 1 case. The biggest difference between
the provided lower bounds was 1 and the average difference was 0. For that subset, the biggest gap
found using CG was 1.8957% and the average gap was 1.3351%. The biggest gap found using CS
was 2.7% and the average gap was 1.1745%.

The results show that CG is able to consistently provide very good gaps for larger instances
and has a satisfying average model optimization time. This means the formulation is efficient and
performs better for larger instances. CG is able to outperform CB regarding average execution time
and quality of the obtained solution for larger instances, but both models have a similar average
execution time considering instances of all lengths. Moreover, CG has a similar performance to CS
regarding quality of the obtained solution; however, CS has a significantly better average execution
time than CG considering instances of all lengths. Thus, CG can be improved if the creation of
structures is done more quickly, in order to improve the overall execution time.

6. Conclusion

The Minimum Common String Partition Problem (MCSP) and its variants are NP-hard
string rearrangement distance problems known for their application in Computational Biology,
wherein string comparison allows us to estimate the evolutionary distance between two individuals.



In this field, strings can be used to represent genomes. Adaptations of integer linear programming
(ILP) models that solve the MCSP in order to approach a variant of the problem have already been
proposed across the literature and shown positive results.

The present paper presents a Graph-Based ILP model that solves the Unbalanced Mini-
mum Common String Partition Problem (UMCSP), a variant of the MCSP. The model is an adapta-
tion of an existing ILP Model that solves the MCSP. In order to conduct an experimental analysis,
tests were run using the new model and two competitive formulations in the literature, an ILP model
based on Common Blocks (CB) and another based on Common Strings (CS). The results indicate
that the Graph-Based ILP model, based on Common Graphs (CG), is effective and provides good
results. The proposed formulation was able to outperform CB and has a similar output to CS. CG
performs best when used for larger instances, considering it was able to find a optimal solution for
most test cases and consistently finds a very good gap for tests that have not been solved optimally.
However, the total execution time of CG could be improved. This can be made by optimizing the
average structure construction time of the formulation, as it largely differs from the other models.

Therefore, research can be directed into investigating more efficient ways of creating the
necessary structures needed for CG and comparing the proposed model using more diversified test
instances. Contemplating the application of the UMCSP in Computational Biology, datasets from
comparative genomics programs could be compiled for experimental analysis and comparison. Fur-
thermore, the proposed models can be compared to heuristics, in order to obtain a more complete
understanding of the different approaches to the UMCSP. Moreover, another direction can be de-
scribed as exploring ideas similar to those presented in this study to formulate ILP models for other
variants of the MCSP.
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